Quantum Computing

* Lectures 13 and 14 (June 25-26, 2025)

* Today:
* Quantum Fourier Transformation
* Phase Estimation
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* Quantum Fourier Transformation
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* Quantum Fourier Transformation
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Inverse QFT

* |Inverse Quantum Fourier Transformation
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* Another way to understand inverse QFT:
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Inverse QFT

* |Inverse Quantum Fourier Transformation
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* Extractj from the phases!
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Inverse Quantum Fourier Transformation
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Extract j from the phases!
LetN =2",j€{0,1,2,..,2" — 1}

j .
How can we relate o to J)?




Inverse QFT

Inverse Quantum Fourier Transformation
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Inverse QFT

Extract j from the phases!
LetN =2",j€{0,1,2,...,2" — 1}
How can we relate 2]—.nto J)?

Observation:j =j;, - 2" 1 4+ j, - 2" 2 ot j -2V 4+, - 1




Inverse QFT

Inverse Quantum Fourier Transformation
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Extract j from the phases!
LetN =2",j€{0,1,2,..,2" — 1}
How can we relate L ~to |))?
Observation: = = ji; - 271 +j, - 272 + = 4 g - 2-(n-1) 4
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Inverse QFT

* |Inverse Quantum Fourier Transformation
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Inverse QFT
i el . o . (e e
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* Fact: eznlk(‘”zn) = eznlk(zn) for any integer a > 1 (always mod 1 on the exponent)
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Inverse Quantum Fourier Transformation
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Inverse QFT
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* Fact: eka(a+2n) = ezmk(zn) for any integer a > 1 (always mod 1 on the exponent)
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Inverse QFT

* These notations give us an alternative way to understand (Inverse) QFT...
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Inverse QFT

* These notations give us an alternative way to understand (Inverse) QFT...
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* Claim: (Leave as an exercise tomorrow...)
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Inverse QFT

* These notations give us an alternative way to understand (Inverse) QFT...
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* Applications: Phase Estimation




Phase Estimation

Let U be a unitary and |u) be an eigenvectorof U, i.e., Ulu) = Alu), 1 € C
By the normalized condition: |[1] = 1 = A4 = %™ for some ¢ € [0,1) (Quick question: Why?)
Ulu) = e?™9|y)

By the notation introduced before: U|u) = e2™i®|y) = 2™i0.¢19205-)|y)




Phase Estimation

* Let U be a unitary and |u) be an eigenvectorof U, i.e., Ulu) = Alu), 1 € C
* By the normalized condition: |A| = 1 = 4 = e*™® for some ¢ € [0,1)
e Ulu) = e?™?|y)

« By the notation introduced before: Ulu) = e2™®|y) = 20019295 )]y)

* Goal of Phase Estimation: Compute or Estimate ¢ = 0. ;9,05 ...

« What does estimation mean? Compute @' = 0. ¢9;90,@; ... ¢, so that |@ — ¢'| is small
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Phase Estimation

 Phase estimation via inverse QFT
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Inverse QFT

e For Ulu) = 2™ |y) = 2™0.919295- )|y if we have:

* Thenwhatis QFT,! (\/_Zzn_l e2mik(0.01902¢3..) |k)) ?
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Phase Estimation

Phase estimation via inverse QFT
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For Ulu) = e2™®|y) = e2™(0.919295-)|y), suppose that we have: ——
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Phase Estimation

Phase estimation via inverse QFT

. . 1
For Ulu) = e2™®|y) = e2™(0.919295-)|y), suppose that we have: ——
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Then what is QFT,) (\/_22 oL @2mik(0.0102¢3 .- )|k)) ?
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Phase Estimation

Phase estimation via inverse QFT
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For Ulu) = e?™®|y) = 20919205 |y), suppose that we have: —— ) ¢2mik(0.010205.)| )

Then what is QFTT (\/_Z
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Theorem (informal):

1
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which means that ¢’ gives a good
estimation of ¢.




Phase Estimation

Phase estimation via inverse QFT

For Ulu) = 32ﬂi¢|u) — 92ﬂi(0-901402403---)|u).

2"—1
1 .
Suppose thatwe have: — ) 2mk(0.010205.)|k)

2" k=0

Then what is QFTT( _ Y2 L e2mik(0.010205 )|k))

Answer: QFT,l (\/—Zzn_l e2mik(0.0142¢3.) |k)) - '), where ¢’ is a good estimation of ¢




Phase Estimation

* inverse QFT for phase estimation
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Phase Estimation

* inverse QFT for phase estimation
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* How can we generate this state if we have the unitary and the eigenvector:

N = ¢

2n-1
Given U and |u), generate 1 z e 2Tk | k)
V2t =

* (Leave as an exercise tomorrow)




Period Finding

* Suppose that we have a function f with a period r < 2L,
* Namely, there exists a minimalr > 0 such that f(x + 1) = f(x)

e Goal: Findr




Period Finding

Suppose that we have a function f with a period r < 2L,
Namely, there exists a minimalr > 0 suchthat f(x + 1) = f(x)
Goal: Findr

Suppose we have the following state: (Let n be a large enough integer,e.g.,n = L + 2)
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Period Finding

Suppose that we have a function f with a period r < 2L,
Namely, there exists a minimalr > 0 suchthat f(x + 1) = f(x)

* Goal: Findr
* Suppose we have the following state: (Let n be a large enough integer, e.g.,n = L + 2)
2n—-1
p— X X
ok ZO| f @)

2n—1

We should have z |2 f (%)) = Z( )
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Period Finding

Suppose that we have a function f with a period r < 2L,
Namely, there exists a minimalr > 0 suchthat f(x + 1) = f(x)
Goal: Findr

Suppose we have the following state: (Let n be a large enough integer)

2"—1
We need a good basis to express
z OIFG)) =

We should have this “periodic state”...




Period Finding

* Suppose that we have a function f with a period r
« ...and f(x;) # f(x,) for any distinct x, x, € {0, ..., — 1}.

» We define the following Fourier basis {|f(0)), |f(1)), . |f(r — 1))}, where:

r—1
A 1 X
HOEE-IEI)
x=0




Period Finding

* Suppose that we have a function f with a period r
« ...and f(x;) # f(x,) for any distinct x, x, € {0, ..., — 1}.

» We define the following Fourier basis {|f(0)), |f(1)), . |f(r — 1))}, where:

r—1
A 1 1%
HOEE-IEI)
x=0

Some insights:

By this definition,
|f(l1)) is always orthogonal to |f(l2)) ifly # 1,




Period Finding

Suppose that we have a function f with a period r
« ...and f(x;) # f(x,) for any distinct x, x, € {0, ..., — 1}.

We define the following Fourier basis {|f(0)), |f(1)), . |f(r — 1))}, where:

r—1
A 1 1%
HOEE-IEI)
x=0

Then we also have:

r—1
_ i Zni-x'(%) o
f () = ﬁ; e 7))

Exercise (tomorrow):
* Prove the states defined above constitute an orthonormal basis.
* Prove the second equality.
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Period Finding

Suppose that we have a function f with a period r
« ...and f(x;) # f(x,) for any distinct x, x, € {0, ..., — 1}.

r—1
We define the following Fourier basis {|£(0)), |f (1), ..., |[f (r — D)}, where: |f (D)) = \%Z e‘z’“'l'(%nf(x))
[=0

r—1
1 i (B A
And we also have: [f(x))= —z ™ P |f (D)
=

2n—-1 r—1 ’
1 1 [ R
e Continue the calculation and apply inverse QFT: —— z = .. = —2 — [
pply QFT: — 2, e 7L <r> >|f( )
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Period Finding

Suppose that we have a function f with a period r
« ...and f(x;) # f(x,) for any distinct x, x, € {0, ..., — 1}.

r—1
We define the following Fourier basis {|£(0)), |f (1), ..., |[f (r — D)}, where: |f (D)) = \%Z e‘z’“'l'(%nf(x))
[=0

r—1
1 i (B A
And we also have: [f(x))= —z ™ P |f (D)
=

2n—-1 r—1 ’
1 1 [ R
e Continue the calculation and apply inverse QFT: —— z = .. = —2 — [
pply QFT: — 2, e 7L <r> >|f( )

: : : : : l
Measure the first n-qubit system gives us a good estimation of (;)

Apply many times, we get {(171) ) (1_2) . }, which allows us to recover r

r
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Exercise

(1) Prove this equality: (10) + e2m(0 )| 1))
2"-1 1 R (|0) + 627ti(0-jn—1jn)|1>)

1 z i S
S e2mik(0-J1)z - Jn) | k) = — ® (10) + 20 n—zjn-1jn)
+e n-2Jn-1Jn |1))
/Zn £ 1/271 ( E
® (lo) + eZWi(O-jljsz---j71)|1))

* (2) Given U and |u) where U|u) = e?™¥?|y), generate
2n—1

1 2mik
— E e“"™" k)
2n k=0

A 1 w1 2wl : _ 1 3r—1 Zni-x-(i) F
(3) Prove |f(l)) = ﬁ2x=oe | f (x)) forms a basis, and |f(x)) = \/721=0 e T |f(l))

* whereristhe period of f
« Suppose that f(x;) # f(x,) fordistinct x{, x, € {0, ...,r — 1}

* (4) How can we create the state %Ziggllx)lf(x)) if we have Ug?
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Exercise

* (1) Prove this equality: (|0) + eZni(o.jn)|1)) Hint:
2"-1 R (|0).+ 62ni(0jn-1jn)|1)) 1
L z eZﬂik(O.jljz..-j71)|k> — L ® (lO) n 627.”'(0]- o in—1j )|1>) 1 n Z 27K (0.j ey o) )lk )
In-2/n-1Jn _- A e i\VJn—-i+1-Jn .

R (|0).+ eZRidlehjgujn)|1))

* (2) Given U and |u) where U|u) = e2™*¢|u). Suppose that ¢ = 0. ¢, ¢, ... ¢,,. Generate
2n—1

1 : '
ol Z e?™k?|k)y  (Hint: Use (1) and controlled UZJ)
2 k=0

A 1 oo —2mi () : _ 1 3r—1 Zni-x-(i) F
(3) Prove |f(l)) = \/?szoe | f (x)) forms a basis, and |f(x)) = \/721=0 e T |f(l))

. a-b
- where r is the period of f (Hint: Y]— e’ D) — rifa=b (mod r); Otherwise, = 0)

* Suppose that f(x;) # f(x,) for distinct x, x, € {0, ...,r — 1}

1 won_ .
* (4) How can we create the state ﬁZfC:Ollx)lf(x)) if we have Ug?
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Summary of QFT and inverse QFT

e Circuit for QFT (and similarly, inverse QFT) R = [ 2mi

1)

IEY

Un-1)

Un)

10 Quick question:
How can we implement R, ?

0 ez2k

1T

SWAP

(reverse
order)




Summary of Phase estimation

AN




Summary of Period Finding

A

—= [ /r (forrandom [)

£ (D)




Next Week

* Order finding and Factoring

* Shor’s algorithm




Reference

 [NCO0O0]: Chapter 5
 [KLMO7]: Chapter 7
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